We discuss the geometrical connection between 2D conformal field theories, random walks on hyperbolic Riemann surfaces and knot theory. For the wide class of CFT's with monodromies being the discrete subgroups of SL(2, R I ) the determination of four-point correlation functions are related to construction of topological invariants for random walks on multipunctured Riemann surfaces.
Introduction
The behavior of systems consisting of chain-like objects can be modified in an essential way by topological constraints. The topological problems have been widely investigated in connection with quantum field, string theories and quantum Hall effect [1] , vortices in superfluid liquids ( 3 He, 4 He) [2] and thermodynamic properties of entangled polymers [3, 4] etc. In the last few years there has been much progress in understanding the relationship between Chern-Simons conformal field theory on the one hand and constructions of knot and link invariants on the other hand (see, for general references [5, 6] ). However, despite the general concepts have been well elaborated in the fieldtheoretic context, their application to the related areas of mathematics and physics has been highly limited.
In this note we indicate how the simple geometrical constructions originating from the theory of representations of braid groups enable us to unite such at first sight different objects like CFT, random walks on hyperbolic surfaces and knot invariants. The main physical application due to this approach is the evaluation of four-point correlation functions in CFT on the Riemann surface associated with the discrete subgroups of the group SL(2, R I ).
Random Walk on Punctured Plane and Conformal Field Theory
We start with the random walk of length L and the elementary step ℓ (ℓ ≡ 1) on the complex plane C 1 = {z| z = x + iy} with two punctures. Suppose the coordinates of these points being M 1 (z 1 = (0, 0)) and M 2 (z 2 = (a, 0)) (a ≡ 1) (such choice does not indicate the loss of generality). Consider two closed paths on C 1 and attribute the generators g 1 , g 2 of some group G to the windings around the points M 1 and M 2 . if we move along the path in the clockwise direction (we apply g −1
2 ). The question is: what is the probability P (µ, L) for the random walk of length L on the plane C 1 to form a closed loop with the primitive word written in terms of generators {g 1 , g 2 , g −1
The function P (µ, L) can be written as a path integral with a Wiener measure
where Θ = P (µ, L)dµ and W {. . . |z} is the length of the primitive word on G as a functional of the path on the complex plane C 1 . Conformal methods enable us to construct the topological invariant W for the group G.
To construct explicitly the topological invariants W for general group G we go to the universal covering of double punctured plane C 1 . This covering is isomorphic to the upper half-plane H = {ζ| ζ = ξ + iλ λ > 0}. The fundamental domain of the group G{g 1 , g 2 } has the form of the curvilinear triangle in H. Each fundamental domain represents the Riemann sheet corresponding to the fibre bundle above C 1 . The universal covering space Z(ζ) is the unit of all such Riemann sheets.
Coordinates of ends of the trajectory on H can be served as the topological invariant for the path on double punctured plane C 1 with respect to the action of the group G. It should be emphasized that this invariant is complete for our purposes. In particular, coordinates of initial and final points of any trajectory on H determine: (a) the coordinates of corresponding points on C 1 ; (b) the homotopy class of any path on C 1 : The paths on H are closed if and only if W {g 1 , g 2 |z} ≡ 1, i.e. they belong to the trivial homotopy
incides with the Green function P (r 0 , r = r 0 , p, L) of the non-stationary Schrödinger-like
for the free particle motion in a "magnetic field" with the vector potential A(r) defined by the monodromy properties of the group G; p plays the role of a "charge" and the magnetic field is transversal, i.e. rotA(r) = 0. On the complex plane C 1 the field A(z)
is determined as A(z) = dζ(z)/dz. (b) in all other domains on H the function φ(ζ) is analytically continued through the boundaries by means of the fractional transformations that are generated by G.
Consider two basic contours P 1 and P 2 on H being the conformal images of the contours A 1 (z) and A 2 (z) corresponding to the generators g 1 and g 2 of G. The function φ(z) (z = {z 1 , z 2 , ∞}) obeys the following transformations:
where
are the matrices of basic substitutions of the group G{g 1 , g 2 }.
Assuming ζ(z) to be a ratio of two fundamental solutions, u 1 (z), and, u 2 (z), of some second order differential equation with branching points {z 1 = 0, z 2 = 1, z 3 = ∞}, we conclude that the solutions u 1 (z) and u 2 (z) undergo the linear transformations when the variable z moves along the contours A 1 (z) and A 2 (z):
The problem of restoring the form of differential equation from the monodromy matrices g 1 and g 2 of the group G is known as Riemann-Hilbert problem and has a long history [8, 9] .
Let us consider the special class of triangle groups-so-called Hecke groups H(h):
where h = 2 cos lying on H.
The function ζ(z, q) = u 1 (z, q)/u 2 (z, q) performs the conformal mapping of Imz > 0 with three punctures (0, 1, ∞) to the interior of the triangle ABC on H, where u 1 (z, q) and u 2 (z, q) are the fundamental solutions of Picard-Fuchs hypergeometric equation
The former geometrical construction is evidently related to CFT. Eq. (7) can be associated with the equation on the four-point correlation function of some critical CFT.
The question remains whether it is always possible to ajust the parameters of the corresponding critical CFT to the coefficients of equations like (7). In some particular cases this question has positive answer and we describe briefly the general construction.
Consider CFT characterized by the parameters ∆ 1 , ∆ 2 ,
which determine the conformal dimensions [11] . Suppose that ϕ(z) is the primary field.
The four-point correlation function ϕ(z 1 )ϕ(z 2 )ϕ(z 3 )ϕ(z) satisfies the partial differential equation, that follows from the conformal Ward identity [11, 12] . Introducing anharmonic ratio in the standard way, we get 3 2(2δ + 1)
; (n, m)
are positive integers and c is the central charge of corresponding Virasoro algebra.
The substitution ψ(z|0, 1,
allows us to rewrite (8) in the form of (7) by setting
For q = 3 we always have ∆ 1 = ∆ 2 and one of possible solutions (corresponding to The braid group B n of n strings has n−1 generators {σ 1 , σ 2 , . . . , σ n−1 } with the following relations:
Let us mention that the length of the braid is the total number of used letters, while the from the right-hand side. The most attention should be paid to the question: what is the probability P (µ, N) to find the µ-letter primitive word in the N-letter random word in the group B n . In [10] it is conjectured that P (µ, N) obeys the following asymptotics
where a(n), b(n), c(n) are numerical constants depending on n only.
The group B 3 can be represented by P GL(2, R I )-matrices. To be more specific, the braid generators σ 1 and σ 2 in the Burau representation [7] read
where t is the "spectral parameter". For t = −1 the matrices σ 1 and σ 2 generate P SL(2, Z Z ) such that B 3 is its central extention.
We defineσ 1 = σ 1 ,σ 2 = σ 2 (at t = −1) and rewrite the generators of the modular group P SL(2, Z Z ) in the canonical form using the matrices S, T (compare to (6)). The braiding relationσ 1σ2σ1 =σ 2σ1σ2 in the {S, T }-representation takes the form
The group P SL(2, Z Z ) is a discrete subgroup of P SL(2, R I ). The fundamental domain of P SL(2, Z Z ) is a circular triangle with angles 0, . It will be seen that although this graph has the local cycles, its "backbone" has a Cayley tree ("free group") structure. Thus, the problem of limit distribution of a random walks on the modular group can be related to the problem of random walks on the graph C(Γ). Hence, we immediately can compute the probability P (µ, N) that the N-step random walk along the graph C(Γ) which starts from the origin ends in some vertex of the cell at the distance of µ steps along the backbone. This distribution has the form of Eq.(11).
Now we can construct the "target space" of the braid group B 3 . Introduce the normalized generators of the group B 3 : ||σ 1 || = τ (t); ||σ 2 || = τ −1 (t)s(t)τ −1 (t), where
and s(t) we denote the generators of the "t-deformed" group P SL t (2, Z Z ). The group P SL t (2, Z Z ) keeps invariable the relations of P SL(2, Z Z ), namely, we have (τ (t)s(t))
1. Hence, we ultimately come to the conclusion that the graphs C(Γ t ) (for P SL t (2, Z Z )) and C(Γ) are topologically equivalent. However the metric properties of C(Γ t ) and C(Γ)
are different because of different embeddings of P SL t (2, Z Z ) and P SL(2, Z Z ) into the upper half-plane. The additional benefit of this construction is that we can represent the graph of B 3 on the graph C(Γ) if we supply in each center of the cell the "magnetic pole" with the quantity of the flux equal to t 6 . Fig.1b represents the graph corresponding to Hecke group with q = 4.
To combine the monodromy representation of the Hecke group H(h) with the topological properties of knots on the basis of braid group representation, consider the space of functions V = {f ij } where
. . , µ n are the complex numbers and path integration is selected in the space
The group B n acts on f ij if µ i = µ j but the group of colored braids C n acts on the general linear span of the multivalued functions {f ij : 0 ≤ i < j ≤ n − 1}.
In particular case of n = 3 we study the integral
Due to the classical result of H.A. Schwarz [13] we deduce that for any set of points
ω is the multivalued function of x satysfying the general hypergeometric equation
where α, β, γ are arbitrary real constants related to µ i . The analysis of this equation
shows that the set of all monodromies arising by moving one puncture (x, for instance) around other ones (0, 1, ∞) generates the monodromy group C 4 (CP 1 ) on V . This group is discrete for some special constraint on exponents {µ i } only (see [13] ). Denote these monodromies by A(x|0), A(x|1), A(x|∞) = [A(x|0)A(x|1)] −1 (compare to (5)).
Let us briefly discuss the procedure of constructing the invariants of knots generated by the representations of C 4 . In the Jones' theory of polynomial invariants it has been pointed out the remarkable connection between representations of II 1 -factors and knot invariants [15] . In particular it was proved that if the index value of factor II 1 is less than 4, there exists an integer q ≥ 3 with index value r = 4 cos 2 π q . The II 1 -factor is hyperfinite.
To each element of the group C 4 (CP 1 ) we associate the word W represented by the monodromy matricesĝ 1 andĝ 2 . Any braid (a) generates some knot and (b) completely determines the monodromy matrix 1, 2, . . . , N) and N is the total number generators used in the word W . Thus, tracing of M (N ) gives the invariant of a knot. Using the classification of discrete subgroups of the P SL(2, R I ) with two generators [14] (which includes also the Hecke and other triangle groups) we can expand our construction to the general case.
Concluding Remarks
1. Comparing the target spaces of the modular (P SL(2, Z Z )) and free (Γ 2 ) groups we see that the branching f eff of the graph (i.e. the effective "curvature" of the corresponding hyperbolic space, in which the graph could be embedded) varies for different q. In particular, f eff is changing from f eff = 3 for P SL(2, Z Z ) to f eff = 4 for Γ 2 .
2. Let us stress the that the index value r of II 1 -type factors, is equal to h 2 where h is the Hecke group parameter. Thus, the braids connected with the representations of II 1 -type factors can be realized as monodromies of Hecke groups and corresponding knot invariants could be produced by tracing of monodromy matrices. 
